EVIDENCE FOR A GENERALIZATION OF GIESEKER'S 
CONJECTURE ON STRATIFIED BUNDLES IN POSITIVE 

CHARACTERISTIC 



LARS KINDLER 

Abstract. Let X be a smooth, connected, projective variety over an 
algebraically closed field of positive characteristic. In [CiicT")], Gieseker 
conjectured that every stratified bundle (i.e. every Ox-coherent &xik- 
module) on X is trivial, if and only if nf'{X) = 0. This was proven by 
Esnault-Mehta, [EMIO]. 

Building on the analogous situation in characteristic 0, we present 
and motivate a generalization of Gieseker's conjecture using the notion 
of regular singular stratified bundles developed in the author's thesis 
and [Kinl2a]. In the main part of this article we establish a few special 
cases of this generalization, most notably in the case of rank 1 stratified 
bundles. 



1. Introduction and statement of the conjecture 

Let X be a smooth, separated, connected scheme of finite type over an 
algebraicaUy closed field A;, and fix a base point x e X{k). For readability, 
we write := 7rf*(X, x), and we denote by Repf™"*!!^^ the category of 
continuous representations of 11^ on finite dimensional /c-vector spaces. 

If A; = C, then 11^ is the profinite completion of an abstract group 
n^P := 7r*°P(X(C),x), so Repfg^'^^n^* can be considered as the full sub- 
category of the category Repf^ II^p of representations of II^p on finite di- 
mensional /c-vector spaces, having as objects precisely those representations 
which factor through a finite group. Since II^p is finitely generated, the 
category Repf ^ H^p is controlled by Repf ^^^^ 11^ , according to the following 
theorem: 

Theorem 1.1 (Grothendieck-Malcev, [Gro70]). Let (p ■ G H be a mor- 
phism of finitely generated groups. The following statements are equivalent: 

(a) The induced morphism G ^ H is an isomorphism, where (-) denotes 
profinite completion. 

(b) The induced ® -functor 

Repf c H ^ Repf c G 

is a i8>- equivalence. 
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(c) The induced ^-functor 

Repfg''^* H ^ Repf g"'* G 

is a ®- equivalence. 

Accordingly, if f - Y X is a morphism of smooth, connected, separated, 
finite type C-schemes, then the induced morphism Ily II^^ (with respect 
to compatible base points) is an isomorphism if and only if Repf^ 11^'' 
RepfcHy^ is a (^-equivalence. This consequence was already noted in 
[Gro70]. 

To study the category RepfcII^'', we invoke the Riemann-Hilbert corre- 
spondence as developed in [Dcl70]: It states that the choice of a base point 
X e X(C) gives a (gi-equivalence of Tannakian categories between the cate- 
gory of regular singular flat connections on X and the category Repfpn^''. 
Theorem 1.1 then translates into the following completely algebraic state- 
ment, in which we suppress the choice of base points from the notation: 

Corollary 1.2. If f -Y ^ X is a morphism of smooth, connected, separated, 
finite type C-schemes, then the following are equivalent: 

(a) The morphism Ily 11^ induced by f is an isomorphism. 

(b) Pull-back along f induces an equivalence on the category of flat, reg- 
ular singular connections. 

(c) Pull-back along f induces an equivalence on the category of flat, reg- 
ular singular connections with finite monodromy. 

In particular: Hp - if and only if every regular singular flat connection 
on Y is trivial. 

This article is devoted to the study of analogous statements in charac- 
teristic p > 0. Let k be an algebraically closed field of characteristic p > 0, 
and X a smooth, connected, separated, finite type /c-scheme. In general, 
neither the category of vector bundles with flat connection, nor the category 
of coherent Ox-modules with flat connection are Tannakian categories over 
k. Instead, we consider Ox-coherent ^Y/fc-™odules, where &x/k is the ring 
of differential operators relative to k, as developed in [EGA4, §16]. Recall 
that in characteristic 0, giving an Ox-coherent ^x/fc-™odule is equivalent 
to giving a vector bundle with flat connection. In positive characteristic, 
these notions are not equivalent. Following [Gro68] and [SR72], we call Ox- 
coherent i^x/A:-™odules stratified bundles, and we write Strat(X) for the 
category of stratified bundles on X. In [Kinl2a] (see also [Kinl21)]), a no- 
tion of regular singularity for stratified bundles is defined and studied. We 
write Strat'^'^(X) for the full subcategory of Strat(X) with objects regular 
singular stratified bundles. 

Using the theory of Tannakian categories, there still is a procedure to 
attach to a stratified bundle a monodromy group and a monodromy repre- 
sentation at the base point x e X(k), and it is the main result of [Kinl2a], 
that this procedure induces a (^-equivalence between the category of regular 
singular stratified bundles with finite monodromy and Repf^°"* fl^™'', where 
jjtemc ._ ^^le tame fundamental group as defined in [KSIO]. 

This result suggests the following conjecture, analogous to Corollary 1.2. 
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Conjecture 1.3. Let k be an algebraically closed field of characteristic p > 0. 
If f ■■ Y ^ X is a morphism of smooth, connected, separated, finite type k- 
schemes, then the the following are equivalent: 

(a) The morphism Ily^^ 11^™° induced by f is an isomorphism. 

(b) Pull-back along f induces an equivalence on the category of regular 
singular stratified bundles. 

(c) Pull-back along f induces an equivalence on the category of regular 
singular stratified bundles with finite monodromy. 

In particular: Ily™'^ - if and only if every regular singular stratified 
bundle on Y is trivial. 

For a slightly different exposition of this conjecture, see [Esnl2]. Note 
that by the main result of [Kinl2a] we always have (b)=>(c)<=>(a). 

The main part of this article is concerned with establishing special cases of, 
and evidence for the validity of Conjecture 1.3, i.e. for the direction (a)^(b). 
We give a brief summary: Gieseker's original conjecture from [Gie75] cor- 
responds to Conjecture 1.3 for a projective morphism f : Y Specfc. His 
conjecture is now a theorem, see [EMIO]. Thus Conjecture 1.3 generalizes 
Gieseker's conjecture in two "directions": It allows non-proper varieties by 
using the notion of regular singularity, and it gives a relative formulation. 
The main tool in the proof [EMKI] of Gieseker's original conjecture is the 
existence of a sufficiently good moduli space of vector bundles on a projec- 
tive variety. In the rank 1 case, this moduli space is very well understood; it 
is the Picard scheme. We use this good understanding in Section 3 to prove: 

Theorem 1.4 (see Theorem 3.9). Let X and Y be smooth, connected, sep- 
arated, finite type k-schemes, which admit good compactifications over k. If 
f -Y ^ X is a morphism inducing an isomorphism vr"'''^^ \ ~* tt^'''^^ 
and such that the cokernel of the induced map H^{X,0\) H^{Y,Oy) is 
a p-group, then pull-back along f induces an isomorphism 

Pk^^'^\X) ^Pk^''^\Y) 

where Pic^*"^^* denotes the group of isomorphism classes of stratified line 
bundles. 

Here a good compactification of X is a smooth, proper /c-scheme X con- 
taining X as a dense open subscheme, such that X \ X is the support 
of a strict normal crossings divisor, and ■ki(X)^^'^^ ^ denotes the maximal 
abelian, pro-prime-to-p quotient of tti^Xjx). This quotient is independent 
of the choice of the geometric point x. 

The assumption on the cokernel of H^{X,Ox) ^ H°{Y,Oy) is trivially 
fulfilled if Y and X are proper. For further comments see Remark 3.10. In 
particular we obtain: 

Corollary 1.5. LetY,X be proper, smooth, connected k-schemes admitting 
good compactifications. If f ■ Y X is a morphism such that f induces 
an isomorphism on vr"^'*-^ \ then f induces an isomorphism Pic^*'''^*(X) ^ 

In the case that X - Spec/c, the assumption on the existence of a good 
compactification of Y is not necessary: 
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Proposition 1.6 (see Proposition 3.15). Let Y he a smooth, connected, 

separated, finite type k-scheme, such that vr^'''*-^ \y) - 0. Then Pic^*'^^*(y) = 
0. 

These statements are special cases of Conjecture 1.3: Of course vr^'^'^^ ■* is 
a quotient of vr^^™^, and every stratified line bundle is automatically regular 
singular (see Proposition 2.6). 

For higher rank stratified bundles, we establish the following two special 
cases of Conjecture 1.3: 

It is well-known that 7rf™'=(A^) = and in Section 4 we prove: 

Theorem 1.7 (see Theorem 4.1). Every regular singular stratified bundle 
on is trivial. 

This was already sketched in [Esnl2] using a slightly different approach. 

If / : y ^ X is a universal homeomorphism, then / induces an isomor- 
phism 7r*^™'^(y) tt\^^'^{X) (with respect to compatible choices of base 
points, this follows from [VidOl]), and in Section 5 we show 

Theorem 1.8 (see Theorem 5.6). If f ■ Y ^ X is a universal homeomor- 
phism, then pull-back along f is an equivalence Strat''**(X) -> Strat''^(X). 

In Section 2 we briefly recall some relevant facts about (regular singular) 
stratified bundles. 



Acknowledgements: Large parts of the contents of this note were devel- 
oped while the author wrote his doctoral dissertation under the supervision 
of Helene Esnault. Her influence is undeniable, and the author is immensely 
grateful for her support. The author also wishes to thank Oliver Braunling 
and Jakob Stix for helpful discussions, and Brian Conrad for pointing out a 
helpful result by Lang; see the discussion after Proposition 3.15. 

2. Stratified bundles 

Let k be an algebraically closed field of characteristic p > 0, and fix a 
smooth, separated, connected, finite type /c-scheme X. 

Definition 2.1. A stratified bundle on X is a ^x/fc"™odule which is Ox- 
coherent. A morphism of stratified bundles is a morphism of ^x/fc-™odules. 
A stratified bundle E is called trivial if it is isomorphic to with its canon- 
ical diagonal ^x/fc-^-ction. Here &x/k is the ring of differential operators on 
X, see [EGA4, §16]. 

We write Strat(X) for the category of stratified bundles. 

Remark 2.2. The name "stratified module" goes back to Grothendieck: 
In [GroGS] he defines the notion of a stratification relative to k on an Cx- 
module E as an "infinitesimal descent datum" , and since X is smooth over k, 
such a datum is equivalent to the datum of a ^x/fe-^ction on E, compatible 
with its Ox-structure, see e.g. [B078, Ch. 2]. As in characteristic 0, one 
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shows that a Ox-coherent ^x/fc-™odule is automaticahy locally free, [B078, 
2.17]. Hence the name "stratified bundle". 

The following result of Katz gives a different perspective on the notion of 
a stratified bundle: 

Theorem 2.3 (Katz, [Gic75, Thm. 1.3]). Let F : X X denote the absolute 
Frobenius. The category Strat(X) is equivalent to the following category: 

Objects: Sequences of pairs E ■- {En,o-n)n>o with En vector bundles on X 

and an ■ En — F* En+i an Ox-Hnear isomorphism. 
Morphisms: A morphism (j) ■ (En,crn) (£^^,0"^) in this category is by 
definition a sequence of morphisms of vector bundles 0„ : En E'n, 
such that F*an+i - '^n4>n- 
The functor giving the equivalence assigns to a stratified bundle E the se- 
quence {En,Crn)n>0, with 

En{U) = {e e E{U)\D{e) = for all D e &xJf,{U) with D{1) = o} 

and an ■ En ^ F*En+i the isomorphism given by Cartier's theorem [Kat70, 
§5] . This functor is compatible with tensor products. 

In the sequel we will freely switch between the two perspectives on strat- 
ified bundles. 

The description by the above theorem is especially nice when X is proper 
over k: 

Proposition 2.4 ([Gic75, Prop. 1.7]). If X is proper over k, then the iso- 
morphism class of a stratified bundle E - (En, an) only depends on the 
isomorphism classes of the vector bundles Ei, E2, . . . . 

2.1. Regular singular stratified bundles. We recall from [Kinl2a] the 
definition of regular singular stratified bundles. Due to the inavailability 
of resolution of singularities in positive characteristic, it is somewhat more 
involved than in characteristic 0. 

Definition 2.5. Let X be a smooth, separated, finite type /c-scheme. 

(a) If X is a smooth, separated, finite type fc-scheme containing X as as 
an open dense subscheme such that X\X is a strict normal crossings 
divisor, then the pair (X,X) is called good partial compactification 
of X. If X is proper, then (X,X) is called good compactification of 
X. _ _ 

(b) If {X,X) is a good partial compactification, then !^ij_{logX\X) is 
by definition the sheaf of subalgebras of ^^^^^ spanned over an open 
U X hy those differential operators in ^^y^(C/), fixing all powers 

of the ideal of the divisor (X \ X) n U. Lets make this explicit: If 
coordinates on U, i.e. if they are sections defining an 
etale morphism U A^, then ^^^^^ is spanned by operators di'J^\ 
i^l,...,r, m>0, which "behave" like ^d'^jdz'^. If C7 n X \ X is 
defined hy xi - . . .-Xr, then the subring &^i^{\ogX\X)\jj is spanned 

by 51^ := x["(9i, ' , z = 1, . . . , r, ai,/ , z > r, m > 0. 
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(c) If (X,X) is a good partial compactification, then a stratified bundle 
E e Strat(X) is called (X, X)-regular singular if E extends to an O^- 
torsion free, O^coherent ^^^^(logX \ X)-module. This definition 
was already used and studied [Gic75] for good compactifications. 

We write Strat''*'((X, X)) for the full subcategory of Strat(X) 
with objects the 

(d) A stratified bundle E is called regular singular if E is {X, X)-regular 
singular for every good partial compactification (X,X) of X. 

We write Strat'''^(X) for the full subcategory of Strat(X) with 
objects regular singular stratified bundles. 

This notion is studied intensively in [Kinl2a] and [Kinl2b]. 

For the purpose of this article, the following two facts are of importance: 

Proposition 2.6. Let X be a smooth, separated, finite type k-scheme. 

(a) If X admits a good compactification {X,X), then a stratified bundle 
E on X is regular singular if and only if it is {X, X)-regular singular. 

(b) If E is a stratified bundle of rank 1, then E is always regular singular. 

Proof. Statement (a) is [Kinl2a, Prop. 7.5], and (b) is [GicTS, Lemma 3.12]. 
We recall argument for (b) from loc. cit. for convenience: Let ^4 be a finite 
type /c-algebra with global coordinates xi, . . . , Xn, and M a free rank 1 mod- 
ule over ^[3;^^ • . . . • x~^], 1 < r < n. Assume that M carries an action of 
^A[xji,...,x-i]/fc) that e is a basis of M. With the notation from Defini- 
tion 2.5, (b), it suffices to show that 6!^^\e) £ eA for every m > and every 
1 < i < r. By Theorem 2.3, for e N there exists a nonzero section s € A 
such that di^\se) - for all m < . But then in Frac A we have 

axid 5^J^\s-^)s ^ A. n 

Remark 2.7. Recall that the analogous statement to (b) in characteristic 
is false. 

To finish this subsection, we briefly recall the notion of exponents of 
regular singular stratified bundles. For more details see [Kinl2a] or [Kinl2b]. 

Proposition 2.8. Let {X,X) be a good partial compactification of X, such 
that D X \ X is irreducible. Let E be a ^^^^(logX \ X)-module, which 
is Oj^-locally free of finite rank. Then the following are true: 
(a) ([Gic75, Lemma 3.8]) There exists a decomposition 

E\d - © F^, 

with the property that if local coordinates around the 

generic point of D, such that D - (xi), then e + xiE e if and only 
if 

^irne) = (")e + xi:B. 

For the definition of see Definition 2.5, (b). Write Exp(i?) £ 

Zp for the set of those a e'Zp for which rankF^, ^ 0. 
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(b) ([Kinl2a, Prop. 4.12]) If E is a second O^-locally free, finite rank, 
^j^lj^{logX \ X) -module, such that the stratified bundles E\x and 

E \x are isomorphic, then the sets Exp(£J) and Exp(£'') have the 
same image in Zp/Z. 

Definition 2.9 ([Kinl2a, Def. 4.13]). If {X,X) is a good partial compactifi- 
cation, E an (X, X)-regular singular stratified bundle and D an irreducible 
component oi X \ X^ then we define the exponents of E along D as follows: 
Let [/ be a sufficiently small open neighborhood of the generic point of D, 
such that there exists an Ojj-locally free ^jjy^(logC/ \ X)-module extend- 
ing E\jj^^. Then the set of exponents of E along D is image of the set 
Exp(i?) in Zp/Z from Proposition 2.8. This construction is well-defined by 
Proposition 2.8. 

In this setup, having all exponents equal to is a stronger condition in 
characteristic p > than in characteristic 0; it implies that there are no 
regular singular stratified bundles with nontrivial "nilpotent residues": 

Proposition 2.10 ([Kinl2a, Cor. 5.4]). Let {X,X) be a good partial com- 
pactification and E an (X, X)-regular singular stratified bundle. If the ex- 
ponents of E along all components of X\X are in Zp/Z, then there exists 
a stratified bundle E on X extending E. 

3. Special case I: Stratified line bundles 

We continue to denote by k an algebraically closed field of characteristic 
p> 0, and by X a smooth, separated, connected, finite type fc-scheme. 
We start with a group theoretic definition. 

Definition 3.1. If G is an abelian group, write (G)p for the projective 
system 

G^G^.... (1) 

This defines an exact functor from the category of abelian groups into the 
category of pro-systems of abelian groups. We write hm G ■- hm((G)p), 

and lim G ■- lim((G)p). This construction defines a left exact functor 

lim from the category of abelian groups to itself, and for a short exact 
sequence 

0^ B ^G ^0 
of abelian groups, we have the long exact squence 

O^limA^limB ^limG ^ R^limA^ R^lim 

p p p p p p 

Definition 3.2. We write Pic^*'^'^*(X) for the set of isomorphism classes of 
stratified bundles of rank 1. The tensor product of stratified bundles gives 
this set an abelian group structure. 

By Theorem 2.3 we can associate with every stratified line bundle a se- 
quence of elements L„ e PicX, such that L^_i_i - Ln- This gives a group 

homomorphism Pic^*'''^*(X) ^ lim PicX. 

< — p 
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Definition 3.3. Denote by I{X) the subgroup of Pic^*''^'(X) of isomor- 
phism classes of stratified line bundles {Ln^Un) with L„ = Ox for all n. 

We clearly have the following: 

Proposition 3.4. The morphisms described above fit in a functorial short 
exact sequence 

^ I{X) ^ Pic^*'''''(X) ^ limPic(X) ^ 0. 

p 

Moreover, it is not difficult to describe the group II(^) concretely: 
Proposition 3.5. There is a functorial exact sequence 

where the morphism H^{X,0^) is the canonical inclusion, and A the 
diagonal map. 

Proof. Since the base field k is algebraically closed of characteristic p > 0, 
the sequence is exact at H°{X,0^). Indeed, H°{X,0^)/k'' is a finitely 
generated free group, because of the exact sequence 

^ H'>(X, O^) H\X, 0\) %i DiZ C\(X) C1(X) ^ 0, 

where X is any compactification of X, and Di the irreducible components 
of X\X. 

Thus we only need to construct the morphism 

<^:coker(A) ^I(X), 

and show that it is a natural isomorphism. 

Given an element a := (ai, 02, . . .) ^ 1™}^ ^°(^, C'x)/^°(^' Clx)^"' take 
any sequence of lifts a ■- (oi, 02, . . .) e H^{X, O^)^, and define the stratified 
bundle ^'(a) := (^'nC^), o'n)n>o by setting ^'(a)n = Ox, and by defining the 
transition isomorphisms ^(a)„, F*^(a)n+i as follows: fio is multiplication 
by oi, and cj„ = (a„+ia„^)^/P , n > 0. This makes sense, since by definition 
a„+i = On modp". We have to check that this construction gives a well- 
defined map ^: If we pick a different sequence of lifts a' := (0^,02,...) of 
a - (qi,Q2, ■ • ■)) then the resulting stratified line bundle ^{a') is isomorphic 
to ^I'(a). Indeed, if bn - cl'^cl^ , then the sequence of isomorphisms (f)^ - id, 

(fin ■ ^{a)n — * ^{a')n, n > 1, defines an isomorphism of stratified bundles. 
We write ^{a) for the isomorphism class of the stratified bundle ^(a) 

It is readily checked that this map is surjective: If the stratified bundle 
L = {Ln,crn)n>o IS given by L„ = Ox and the transition morphisms an, then 
an e H%X,0^^), and L = ^{{ao,aoa{,aoalaf , . . .)). 

To compute the kernel, note that a stratification L on Ox which is given 
by transition morphisms an, is trivial if and only if there exists a sequence 
(pOjfpi, . . . e H^{X,0^) such that crn4>^n+i ~ > 0- By recursion, this 

means that 

00 = C7o< >Pn+l 
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for every n. In other words: L - ^(A((j)Q)), so the kernel of ^ is precisely 
H^{X,0^). This completes the proof. 

□ 

Corollary 3.6. If the abelian group H^{X,0^) is p-divisible, then the group 
I{X) is trivial. 

Corollary 3.6 allows us to exhibit a class of examples of varieties X such 
that I{X) is trivial: 

Proposition 3.7. Ifk is an algebraically closed field, and if X is a connected 
normal k-scheme of finite type, such that the maximal abelian pro-£- quotient 
7ri{X)°'^'^^^ is trivial for some ttp, then H^{X,Ox) - k"" . In particular, if 
k has positive characteristic, then I{X) - 1. 

Proof. This argument is due to Helene Esnault. Assume / e H^{X, 0\ )\k^ . 
Then / induces a dominant morphism f : X ^ G^.fc = ^ i^i' /' 
given by the map A:[x'^^] H^{X, Ox), x ^ f , which is injective if, and only 
if / is transcendental over k. Thus /' induces an open morphism ■ki{X) 
7ri(Gm,fc), see e.g. [Sti02, Lemma 4.2.10]. But under our assumption, the 
maximal abelian pro-^-quotient of the image of this morphism is trivial, so 
the image of Tri(X) cannot have finite index in the group 7ri(Gm,fc), as in 
fact 7ri(G„,fe)(^) = W'> = Zg. □ 

Remark 3.8. We can modify the argument of Proposition 3.7 slightly 
to obtain: If k has positive characteristic p, and Tri(X)^^'^P^ - 1, then 
H^{X, Ox) - k. A consequence is a proof of the folklore fact that over a field 
k of positive characteristic, unlike in characteristic 0, no normal, connected, 
affine, finite type /c-scheme X of positive dimension is simply-connected, or 
even has 7ri(X)'^^'(P) = 0. 

Indeed, if a e H^{X,Ox) is nonconstant, then a induces a dominant 
morphism X ->■ Aj^ and hence an open morphism 7rf'^P\x) ^ vrf '^^^(4^). 
But by [Kat86, 1.4.3, 1.4.4] we have H^{TTi{X),¥p) = 0, so 7ri(X)(P) is free 
pro-p of rank dim^^ II^{A\,¥p) - ^k. Thus the image of TTf^'^^\x) in this 
group can only have finite index if 'iti(X)^^'^^^ t 1. 

Recall that a good compactification of a smooth A;-scheme X is a proper, 
smooth, finite type /c-scheme X, with a dominant open immersion X ^ X, 
such that X \ X is the support of a strict normal crossings divisor. 

The main goal of this section is to prove the following theorem: 

Theorem 3.9. LetX,Y be smooth, separated, finite type k-schemes, admit- 
ting good compactifications. Let f ■ Y ^ X be a morphism such that the 
following two conditions are satisified: 

(a) / induces an isomorphism 

/.:vrf'(^'^(y)-7rf'(^')7ri(X), (2) 

(b) The cokernel of the morphism 

H^{X,Ox)^ H^{y,0^). (3) 
induced by f is a p-group. 
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Then pull-back along f induces an isomorphism 



Remark 3.10. (a) The morphism /* : H°{X,Ox) ^ i^^C^.O^) is an 
isomorphism in the following two situations: 

(i) X, Y proper over k. 

(ii) (2) is an isomorphism, and X - Specfc, Y arbitrary. (See Propo- 
sition 3.7). 

Thus in these two cases, the theorem establishes that / induces an 
isomorphism of abehan groups Pic^*''''*(X) ^ Pic^*''''*(y), if (2) is 
an isomorphism. 

(b) If (2) is an isomorphism, then (3) is always injective. Indeed, if 

is a global unit, then induces a morphism X — ^ 
which is dominant if and only if a is non-constant. Hence the induced 
continuous morphism irf^'^^ ^(^) ~^ ^ is open if and only if a is 
non-constant. If (2) is an isomorphism, then f*a is non-constant 
whenever a is. In particular, it follows that (3) is injective. 

(c) Clearly (3) is not necessarily an isomorphism, even if (2) is: Just 
take the purely inseparable morphism Gm ^ Cm defined by taking 
the p-th root of a coordinate on Gm- 

(d) The question whether (3) has a p-group as cokernel whenever (2) is 
an isomorphism, belongs to the area of Grothendieck's anabelian ge- 
ometry: The cokernel of (3) is finitely generated by [Kah06, Lemme 
1], so we can split off the p-power torsion. If a 6 H^{Y,Oy) is a 
global unit of order prime to p in the cokernel of (3), and if (2) is 
an isomorphism, then a comes from a global unit on X if and only 
if the induced morphism on fundamental groups 

is induced by a morphism of fc-schemes X Gm- The author does 
not know whether the condition that (2) be an isomorphism always 
implies that the cokernel of (3) is a p-group. 

We need a few lemmas to prepare the proof of Theorem 3.9. 

Lemma 3.11. If G is a finitely generated abelian group, then the functor 
lim is naturally isomorphic to the functor which assigns to G its subgroup 

G[p'] of torsion elements of order prime to p. 

If G is a finite abelian group or an abelian group (not necessarily finitely 
generated) on which multiplication by p is surjective, then lim G - 0. 

Proof. In a finitely generated group, an element is infinitely p-divisible if 
and only if it is torsion of order prime to p. Moreover, an element x e 
admits a unique p-th root in G[p']. It follows that the map lim G G[p'], 

{xi,X2, . . .) xi is an isomorphism. 

For the second claim, if G is finite or if multiplication by p on G is sur- 
jective, then the projective system (1) satisfies the Mittag-LefSer condition, 

so lim G = 0. □ 

< — P 
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Lemma 3.12. Consider the following morphism of short exact sequences of 
abelian groups 

^ Di ^ Gi ^ Fi ^ 



/ 
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lim g 


lim h 


< — P 


< — p 



^ D2 ^ G2 ^ F2 ^ 

with Fi,F2 finitely generated, and such that multiplication by p on Di, D2 
is surjective (e.g. Di,D2 divisible). 

Assume that the following conditions are satisfied: 

(a) / is surjective with finite kernel. 

(b) ker(g() contains no torsion elements of order prime to p. 

(c) The restriction h\p^^pt^ ■ Fi[p'] F2[p'] is surjective. 

Then the induced morphism lim Gi lim G2 is an isomorphism. 

< — p < — p 

Proof. Since lim -Dj = for z = 1, 2 by Lemma 3.11, we get the following 
morphism of short exact sequences: 

^ lim Di ^ lim Gi ^ hm Fi ^ 

< — p < — p < — p 

lim / 
* — p 

^ lim D2 ^ lim G2 ^ Hm F2 ^ 

< — p < — p < — 

By the left-exactness of lim , we have lim (ker g) - ker(hm g). But by 

assumption (a), ker^ is an extension of two finitely generated groups, and 
hence finitely generated itself. It has no prime-to-p torsion by (b), so by 
Lemma 3.11, lim (ker g) - 0. Thus lim g is injective. 

Next, by (a), / is surjective with finite kernel, which implies that lim / 
is surjective, since 72^ lim (ker(/)) = by Lemma 3.11. 

Finally, by Lemma 3.11 we know that hm h - h\p-^^pi^ ■ Fi[p'] F2[p']. 
This morphism is surjective by (c). It follows that lim g is also surjective, 
which completes the proof. □ 

Lemma 3.13. If f - Y ^ X is a morphism of connected, smooth, separated, 
finite type k-schemes, such that f induces an isomorphism iri(Y)"'^'^P ^ ^ 
7ri(X)°'^'^P \ and if X,Y are smooth compactifications of X,Y, such that f 
extends to f :Y ^ X , then the map 

TT^ijyUp') ^ 7ri(Z)'^'''(P'^ 

induced by f is surjective with finite kernel. 

Proof. The surjectivity is clear, as ■ki(X)^^'^p ^ and ■ki(Y)^^'^p ^ surject onto 
7ri(Z)^^'(p') and Tri(Y)^^'^P'\ respectively We use the theory of the Al- 
banese variety: After choosing a base point x € X(k), there exists a unique 
semi-abelian variety Albx, together with a map albx.x ■ X Albx, such 
that alhx,xix) - 0, and such that any map g : X A from X to a semi- 
abelian variety A with g{x) - factors uniquely through alhx,x- For more 
details, see e.g. [SS03]. The Albanese variety classifies abelian coverings 
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of X in the following sense: For i a prime different from there exists a 
canonical isomorphism 

hom(i/i(X,Z£),Q^/Z^) ^ Albx(A;){n, 

see [SS03, Cor. 4.3], where k\hx{k){i} is the the subgroup of Mhx{k) of 
all ^-power torsion elements. As a semi-abelian variety, Albx can be written 
uniquely as an extension of an abelian variety by a torus. The unique abelian 
variety appearing in this description of Albx is canonically isomorphic to 
Alb^. 

By Chevalley's structure theorem for algebraic groups, the connected com- 
ponent of the origin (with its reduced structure) K^^^ of the kernel of the 
morphism of group schemes Alby Albx is a semi-abelian variety, and 
since every map from an abelian variety into an affine variety is constant, 
it follows that the unique abelian variety quotient of K^^^ is precisely the 
connected component of the origin (with its reduced structure) of the kernel 
of Alby ^ Alb^- 

With that in mind, we see that the assumption that 7ri(y)^^'^^ •* ^ 
7ri(X)^^'''^ ^ is an isomorphism implies that the map Alby(A;) Albx(^) 
is an isomorphism on prime-to-p torsion, and hence K'^^^ is the trivial semi- 
abelian variety. Then ker(Alby Alby)J?gj is the trivial abelian variety, 
which shows that the kernel of Alby (A;) -> AlbY(^) is a finite group. 

Writing for the Tate module, we see that if £ is a prime different from 
p, then Ti Alby Ti Alb^ is injective. Finally, since X and Y are proper 
and smooth, we get a morphism of short exact sequences 

^hom(NS(F){^},Q£/Z£) ^7ri(F)^'^'W ^T^Alby ^0 

^ hom(NS(X){£},Q^/Z^) ^ ^i(T)'^^'(^) ^ Alb^ ^ 0. 

The groups on the left are finite groups, so we deduce that 7ri{Y)^^'^^^ 
7ri(X)^^'^^^ always has a finite kernel, and is injective for all but finitely many 
i. This imphes that the kernel of tti(Y)^^'^p'^ ^ ^i(X)'^^'(p') is finite. □ 

Proposition 3.14. Let k be an algebraically closed field of characteristic 
p, and f ■ Y X a morphism of smooth, connected, separated, finite type 
k-schemes, such that the following two properties are satisfied: 

(a) There exist good compactifications X and Y of X and Y , such that 
f extends to f - Y ^ X . 

(b) / induces an isomorphism 

Here (•)"^'(P ) denotes the maximal pro-prime-to-p-quotient of the 
abelianization. 

(c) The cokernel of the morphism 

f*:H\X,0\)^H\Y,0-y) 



IS a p-group. 
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Then puUback along f induces an isomorphism 

limPic(X) ^limPic(y). 

p p 

Proof. Let X, Y be as in (a). By Lemma 3.13 the induced morphism 
^^(y^ab.p' ^ ^^p^-^^h,p' -g surj^ective with finite kernel. Define Kx ker(Pic(X) ^ 
Pic(X)) and Ky ■- ker(Pic(y) Pic(y)). We get a commutative diagram 

^ Kx ^ Pic(X) ^ Pic(X) ^ 

^ Ky ^ Pic(F) ^ Pic(y) ^ 

with Kx,Ky finitely generated abelian groups. We have a second exact 
sequence 

^ Pic°(X) ^ Pic(X) ^ NS(X) ^ 

with NS(X) a finitely generated group, according to, e.g., [Kah06, Thm. 3]. 
Moreover, Pic'^(X) is the set of fc-points of an abelian variety, so Pic''(X) 
is a divisible abelian group. 

Define Pic°(X) as the image ofPic°(T) inPic(X), and NS(X) as Pic(X)/ Pic°(X). 
Then Pic°(X) still divisible, and NS(X) is still finitely generated. Pullback 
along / induces a morphism Pic^(X) Pic*'(y), and hence a morphism 
NS(X) ^NS(y). 

We obtain the following commutative diagram with exact rows: 

^ Pic°(X) ^ Pic(X) ^ NS(X) ^ 

I 1 

— ^ Pic°(y) — ^ Pic(y) — ^ NS(y) — ^ o 

We are now in the situation of Lemma 3.12, and check that the conditions 
(a), (b) and (c) from the lemma are satisfied for diagram (4). 

For Lemma 3.12, (a) we have to show that Pic^{X) Pic'^(y) is surjec- 
tive with finite kernel. 

For every n prime to p, Kummer theory shows that there a morphism of 
short exact sequences of abelian groups 

^ H^{X, 0\)IH^{X, 0\Y ^ Hom(7rf '^^'\x),Z/nZ) ^ Pic(X)[n] ^ 



^ if°(y, 0^)IH^{Y, O^Y Hom(7rf •^^'^(y),Z/nZ) ^ Pic(y)[n] ^ 

(5) 

where the two left vertical arrows are isomorphisms by our assumptions, and 
hence so is the third. Since by Lemma 3.13 the morphism 7ri(y)'*^'^^ ^ 
t:i{XY^'^^ ) is surjective with finite kernel, the same argument as above 
shows that for almost all n prime to Pic(X)[n] ^ Pic(y)[ri]. Since 
Pic°(X) is divisible, we have a short exact sequence 

^ Pic°(X)[n] ^ Pic(T)[n] ^ NS(T)[n] ^ 
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which shows that for almost ah n prime to p, Pic^{X)[n] Pic^ {Y)[n]. 
Since Pic'^(X) and Pic'^(y) are sets of /c-points of abehan varietes, and since 
pull-back along / induces a morphism of the underlying abelian varieties, it 
follows that Fic^{X) ->■ Pic^(y) is surjective with finite kernel. From the 
morphism of short exact sequences 

^ Kx n Pic°(X) ^ Pic°(X) ^ Pic°(X) ^ 

^ Ky n Pic°(y) ^ Pic°(y) ^ Pic°(y) ^ 

we see that Pic'^(X) Pic''(y) is surjective. To prove that its kernel is 
finite, it suffices to show that coker(Xx nPic''(X) Ky nPic'^(y)) is finite. 
For this, let £ be a prime different from p, and write X \X -■ Dx = U[ii Dx,i 
with Dx,i smooth divisors. Let Mx Dx,i'^ be the free Z-module of rank 
rx, and similarly for Y. We have the associated Gysin exact sequence in 
etale cohomology [Mil80, Ch. VI, Cor. 5.3]: 

H\X,Z,il)) H\X,Z,il)) Mx ® ^ H\X,Z,il)) 

Y \ l,Y " 

H^Y, Z,il)) H\Y,Zeil)) My ® ^ H^(Y, Z,il)) 

As we have seen, for almost all primes i the two left vertical arrows are 
isomorphisms, so ker(c^'''^) ker(c^'^) for almost all £. But by construction, 
we have a commutative diagram 

ker(q'^) ^ {Kx n Pic°(T)) ® Ze 



ker(c[^) ^ {Ky n Pic°(y)) ® Zi 

This shows that the finitely generated group coker(i^x ^ Pic''(X) Ky n 
Pic'^(y)) is trivial after tensoring with Zi for almost all £ and hence finite. 
This finishes the proof that Lemma 3.12, (a) holds for diagram (4). 

To show that Lemma 3.12, (b) holds for diagram (4) we note that we have 
just seen that the kernel of Pic(X) Pic(y) contains no prime-to-p-torsion. 

Finally, lets check that Lemma 3.12, (c) holds. Since Pic°(X) is divisible, 
for every n prime to p we get a commutative diagram 

Pic{X)[n] ^NS(X)[n] 

Pic(y)[n] ^NS(y)[n] 

with surjective horizontal arrows. This shows that NS(X)[p'] NS(X)[p'] 
is surjective, so Lemma 3.12, (c) holds for diagram (4). □ 

With Proposition 3.14, the proof of Theorem 3.9 becomes simple: 
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Proof of Theorem 3.9. By Proposition 3.4, / induces a morphism of short 
exact sequences 







I(X) ^ Pic^*''^*(X) ^ lim^Pic(X) ^ 







I{Y) 



Pic 



Strat 



lim Pic(y) 

< — P 







By assumption there exist good compactifications X, Y of X,Y, and by 
modifying these compactifications via blow-ups, we can always assume that 
/ extends to f -Y ^ X. Then the right vertical morphism is an isomorphism 
by Proposition 3.14. We show that Proposition 3.5 implies that the left 
vertical arrow is an isomorphism under our assumptions: Indeed, if C ■= 
cokeic{H^{X,0^) H^{Y,Oy)), then by assumption C is an abelian p- 
group, and then a finite p-group by [Kah06, Lemme 1]. It follows that the 
diagonal map 

n 

is an isomorphism. By the exactness of p-adic completion, we have a canon- 
ical isomorphism 

hmC/p'' = coker(limi/°(X, O^x)/?"" ^ l^m H'^ {Y, O^) / p"") , 



so looking at the long exact sequence attached to the morphism of short 
exact sequences 



^H^{X, 0^j^)/k'' 



^H^{Y,0^)lk' 



lim H^{X,0^x)/p''' 



lim/* 



lim H^{Y,0^)Ip'' 



1{X) 



1{Y) 







0, 



we see that 1(1^) is surjective. But by Remark 3.10, (b) the two left 

vertical arrows are injective, so ^{X) = I{Y) as claimed. □ 

To close this section, we show that in the case that X - Spec/c, the 
assumption that Y admits a good compactification is not necessary: 

Proposition 3.15. Let Y be a smooth, connected, separated, finite type 
k-scheme, such that vrf '^^'^(F) = 0. Then Pic^*''''*(y) = 0. 

In the proof of Proposition 3.15 we will use Nagata's theorem on com- 
pactifications (see [Lut93]) to find a normal projective compactification Y 
of y. In a preliminary version of this article we used de Jong's theorem 
on alterations ([d.J96]) to replace Y with a nice simplicial scheme, and then 
we studied the attached groups of simplicial line bundles. These arguments 
were long and technical. 

Brian Conrad suggested working directly with the normal projective com- 
pactifications instead of using simplicial techniques: He pointed out a the- 
orem by Lang stating that if Y is projective and normal, then the group 
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Cl'^^^(y) of those Weil divisors modulo linear equivalence which are alge- 
braically equivalent to 0, is the group of fe-points of an abelian variety; for 
a modern treatment see [BGSll]. 

We are grateful to Brian Conrad for bringing this result to our attention. 

Proof of Proposition 3.15. By Proposition 3.7, we know that ^{Y) - 0. Hence, 
according to Proposition 3.4, we only have to show that lim Pic(y) = 0. As 

in (5), Kummer theory shows that Pic(y)[n] = 0, whenever n is prime to p. 
Thus, Lemma 3.11 shows that it suffices to prove that Pic(y) is a finitely 
generated group. 

To this end, let y be a normal projective compactification of y, and 
Cl(y) the group of Weil divisors on Y modulo linear equivalence. We then 
have a surjection Cl(y) Pic(y), and a short exact sequence 

— ^ cf ^s(y) — ^ ci(y) — ^ NS(y) — ^ o 

with NS(y) finitely generated by [KaliOG, Thm. 3]. By the aforementionend 
result of Lang, Cl'^^^(y) is the set of fc-points of an abelian variety. More 
precisely, given a point y e Y{k), there is an abelian variety A and a rational 
map cty : y A, such that ax{y) - 0, and such every rational map P -Y B 
with B an abelian variety and P{y) - factors through Oy. The abelian 
variety A is the Albanese variety for rational maps, and its dual has the 
property that ^^(/c) = Cl'^^^(y). For a modern treatment see [BGSll]. 

Now to finish, note that since the kernel of the surjection Cl(y) Picy 
is finitely generated, it follows that Cl(y)[re] = for all but finitely many n. 
This implies that Cl''^s(y)[re] = for ah but finitely many n, which shows 
that Cl''^>^(Y) = 0, since the underlying abelian variety must have dimension 
0. It follows that Cl(y) = NS(y) is finitely generated and thus that Pic(y) 
is finitely generated. □ 

4. Special case IL Affine spaces 

We continue to denote by k an algebraically closed field of characteristic 
p>0. It is weh known that 7rf"''=(A^) = for all n > 0. 

Theorem 4.1. The k-Tannakian category Strat'''^(A") is equivalent to the 
trivial Tannakian category, i.e. the choice of a neutral fiber functor gives 
an equivalence Strat'^'^(A^) Vectf^, where Vectf^ denotes the category of 
finite dimensional k-vector spaces. 

Remark 4.2. 

• A slightly different approach to Theorem 4.1 was sketched in [Esnl2, 
4.4] 

• Note that Theorem 4.1 would follow directly from Section 3 and 
[Gic75, Thm. 5.3]. Unfortunately [Gic75, Thm. 5.3] is false as stated. 
It claims that if i = 1, . . . , r are smooth divisors in and D := 

-Cj c a strict normal crossing divisor, then every regular 
singular stratified bundle on P"''' \ D is a direct sum of stratified line 
bundles. This cannot be true: There exist n,D such that 7r^'^™'^(P^ \ 
D) is nonabelian, for example D - Q + 1 + oo c p^. Hence, if / : 
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y \ L) is a tame Galois covering (for example of degree prime 
to p) with nonabelian Galois group, then f^Oy is a regular singular 
stratified bundle with nonabelian monodromy group, see [Kinl2a], 
and hence not a direct sum of rank 1 stratified bundles. 

Nonetheless, the argument given below is certainly implicitly con- 
tained in [Gic75]. 

Proof of Theorem 4-1- The case of is correctly proven in [Gic75, Prop. 4.2]. 

We proceed by induction; let n > 1. Then the n-fold product Xfc . . . XfclPfc 
is a good compactification of A^, and if ii^ is a stratified bundle on A^, then 
E is regular singiular if and only if it is (A^, (P^)")-regular singular by 
Proposition 2.6. 

Let pi : A^~^ ^k'^ projection on the first factor. Then 

the exponents of a regular singular stratified bundle E along the divisor 
A^"^ Xk {oo} can be computed on the fibers of pi. Indeed, if A^"^ x;, A^ = 
Spec A;[xi, . . . , Xn], and if is a free k[xi, . . . , x^^]-module of finite rank with 
fc[xi,...,x-i]/A:(log(x„'^))-action extending to A^ ^ x P^ \ {0}, then by 

Proposition 2.8 there exists a basis ei, . . . , of the free module E, such that 

S^::^he^)-Me^^x-^'E 

with Oj 6 Zp an exponent of E along A^^^ x {oo}. But the same equation 
also holds modulo a prime ideal (xi — ai, . . . , x^-i — On — 1), ai,...,a„_i 6 /c, 
so ai mod Z is an exponent of -£'|p-i(ai,....a„_i) along (oi, . . . ,0^-1, °°)- 

Induction shows that the exponents of E along A^"^ x;. {00} are mod Z. 
This means by Proposition 2.10 that E extends to an actual stratified bundle 
on A^~i XfcPi. 

But now we are done: The above argument shows that E extends to a 
stratified bundle on First to (P^)'' minus a closed subset of codimen- 

sion > 2, and then by [Kinl2a, Lemma 2.5] to (IP^)". But there are only 
trivial stratified bundles on (P^)", as it it is birational to P^. □ 

5. Special case III: Universal homeomorphisms 

We continue to denote by k an algebraically closed field of characteristic 
j5 > 0. Recall that by [EGA4, 18.12.11], a finite type morphism f ■■¥ ^ X oi 
finite type fc-schemes is a universal homeomorphism if and only if it is finite, 
purely inseparable (i.e. universally injective) and surjective. It is proven 
in [SGAl, IX.4.10] that / induces an isomorphism Trf (y) ^ vrf (X) (with 
appropriate choices of base points); it follows from [VidOl] that the same 
is true for vr*^™'^. In this section we prove that pull-back along / is an 
equivalence Strat''''(X) ^ Strat''''(y). 

For a /e-scheme X, we write X^"^ for the base change of X along the n-th 
power of the absolute Frobenius of k, and by i^^"^ '■ X X*^") the associated 
fe-linear relative Frobenius. It follows from Theorem 2.3 that pull-back along 
induces an equivalence of categories Strat(X(")) ^ Strat(X). This 
remains true in the regular singular case: We first work with respect to one 
fixed good partial compactification {X^X). 
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Proposition 5.1. // {X,X) is a good partial compactification, then the 
pair 

also is a good partial compactification, and -F^"^ induces 

an equivalence 



Proof. We may assume that n - 1, and write Fx/k - F^^^. 

Write Z) T \ X and D'^^'i T^^^ \ X'^^\ Since the functor F^j^ : 
Strat(X(i)) ^ Strat(X) is an equivalence, it suffices to show that the es- 
sential image of Straf'^((X(i), X^^^)) in Strat(X) is Strat=^"((X, X)), i.e. it 

suffices to show that a stratified bundle E on X^^^ is (X'-^\X^^^)-regular 
singular if F^j^E is (X, X)-regular singular. 

Let j : X X denote the inclusion. Assume that F^^^E is {X, X)-regular 

singular. Let E' be any torsion free coherent extension of E to X^^^ and 
"E the ^—(1) (logD^^^j-module generated by E' in the (log^^^^)- 

module ji^^E. We need to show that E is O— (i)-coherent. Since -P^^/^ 
is faithfully flat, it suffices to show that F^^^E is O^'Coherent, [SGAl, 
Prop. VIILl.lO]. Define G to be the ^^^^(logD)-module generated by 
F^I^E' in j^F^i^E - F-^^^j^^^ E. Then G is OY"Coherent by assumption, 
so the proof is complete if we can show that G - F-^^^E. 

The O— (i)-module ji^^ E naturally carries a (i)^^(log L'^^^)-action, and 
similarly for j^F^ij^E. Then we can describe F-^^^E as the image of the 
(pulled-back) evaluation morphism 

^X/. (%«/.(logZ?(^)) E') ^ F^^^ji'^E, 

and G as the image of the evaluation morphism^ 

%/,(log D) Fj^i^E' - 3*F*^iuE = Fj^^/^^E. 



We recall that in the definition of the pull-back of a ring of differential morphisms we 
always use its left Ox-structure. 
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These morphisms fit in a commutative diagram (writing F - Fj^^j^ for legi- 
bility): 



F*%(i)„ (logZ)(i)) ®F-W^,,, F-^E' 



F*ji^^E 



%/,(logD(i))®^-ia_^^^ F-^E' 



where 7 : &j^n{logD) F-^ (\ogD^^^) is the canonical morphism 



It follows 



coming via restriction from the morphism i^^^ 
that G - Fj^^^E, if 7 is surjective. 

This is a local question, so we may assume that X = Spec^ and X = 

Spec with ti, . . . ,tr local coordinates on A. Then X^^^ - Spec AiSiPkk, 

and ti ® 1, . . . , tr ® 1 is a system of local coordinates for AiStp^k- The relative 
frobenius Fx/k then maps ti®! tf , for i = 1, . . . , r. 



With the notation 5^ from Definition 2.5, (b), and recalling that 6^ 



"behaves like" -^d^ jdv^ , we claim that 



(6) 



which shows that the image of 7 contains all the generators of the 
algebra (logZ)^^'), and thus that 7 is surjective. As for the 



claim, it suffices to observe that for s > 

dp"') 



itj 
(p^) otherwise. 



and finally that 



□ 



Remark 5.2. This proof does not show that all OY-coherent ^j^^^(logD)- 

module descend to -coherent (i)^^(log D^^^)-modules. 

Moreover, a statement analogous to Proposition 5.1 for ©—(i) -coherent 

^_(i)^^(logD^^'')-modules is false, due to the failure of Cartier's theorem 

[Kat70, §5.] for logarithmic connections (see [Ogu94] for a discussion, and 
[LorOO] for a version of Cartier's theorem for log-schemes). 
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Corollary 5.3. With the notations from Proposition 5.1, if E is a locally 
free 0—(i)- coherent ^— (i) ^^(logD^^^) -module with exponents ai, . . . e Zp, 

then F^i^E is a SH^jj^i^ogD) -module with exponents pai, . . . ^pan- 



Consequently, if E & StisA}^ {{X^^\ X )), with exponents ai 
TL.p\TL, then F^i^E has exponents pai, . . . ,pan e Zp/Z. 



(1) 



Proof. The claim follows directly from the formula (6) and the fact that 6l_^ 
acts on Fj^ E = ®f-^o^1^ (a ® e) = (a) » e. □ 

' X 

Remark 5.4. Note that multiplication by p is an automorphism of the 
group Zp/Z. 

Theorem 5.5. Let {X,X), {Y,Y) be good partial compactifications and 
f ■ Y ^ X a universal homeomorphism such that f{X) c y. If we write 
f '■- f\x then f induces an equivalence 

f* : Strat''^((X,T)) ^ Straf''((y,F)). 

Proof. The morphism / is finite of degree for some n, and thus there is 
a morphism g : X ^ Y^^\ such that gf - F^^^, and such that /^"^^ = '^X/i' 
Moreover, g{X) £ y("). Write g g\x. Then {gf)* is an equivalence 
by Proposition 5.1, so /* is essentially surjective. But (/'■"^g)* also is an 
equivalence, so is full. This shows that /* is full, and since / is 

faithfully flat, it follows that / is faithful as well. This finishes the proof. □ 

Theorem 5.6. Let f ■ Y ^ X be a universal homeomorphism of smooth, 
separated, finite type k-schemes. Then f induces an equivalence 

f* : Straf'(X) ^ Straf^^(y). 

Proof. The same argument as in the proof of Theorem 5.5, shows that the 
fact that Frobenius induces an equivalence Strat(X^"^) -> Strat(X), implies 
that the functor /* : Strat(X) Strat(y) is an equivalence. 

If follows that we just need to check that if f*E is regular singular for 
E e Strat(X), then E is regular singular. 

For this we need to show that for every good partial compactification 
{X,X), such that X \ X is smooth with generic point rj, there exists an 
open neighborhood U of r], an open subset V Y, and a good partial 
compactification (V,V), such that / induces a universal homeomorphism 

g-V^Tl 

with g{V) ■= U r\ X. We can then apply Theorem 5.5 to finish. 

Let U = Spec^ be an affine open neighborhood of ij, such that U ■- UnX - 
SpecA[xl^] for some regular element xi e A. Because / is finite, V := f^^{U) 
is also affine, say V - SpecS, and f\y is a universal homeomorphism. Let 
B be the integral closure of A in B. Then /g : Spec-B Spec^ is a finite 
morphism. By construction, V ■- Spec-B is normal, but perhaps not smooth. 
Nevertheless, there is precisely one codimension 1 point in Spec-B lying over 
rj (because k(X) ^ k(Y) is purely inseparable), and we may shrink U around 
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rj. There is an open neighborhood U ^ U of rj, such that V ■- f^{U ) is 

smooth, and V ^ U \s precisely the universal homeomorphism we were 
looking for. □ 
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